Ramanujan School of Mathematics

Date: May 11, 2025 IST Subjective Solutions (UGB)

1. If £(0) =0, we are done. So without loss of generality, let f(0) > 0.
Clain- (z) < £(0) + £¥z € R
Proof-
For the sake of contradiction let Jzg > 0 s.t f(zo) > f(0) + %
By LMVT, 3¢ € (0, z0) s.t

— 19> 10210 1

This is a contradiction. Our claim is proved.
Take any = > 2 x f(0), call it ; that would make f(0) + % < z1, then

flan) < JO) + 5 <o

Now we can see that f(0) > 0 and f(x) < .

Apply Intermediate Value Property on the function g(z) = f(x) — z, this is clearly continuous
with ¢(0) > 0 and g(z1) <0

We know Jzq € (0,21) s.t g(zo) = 0.

Thus we have z such that f(zg) = o

Similarly if f(0) < 0 we get some 27 < 0 and a z( € (0,21) such that this holds.

2. WLOG, A < B < C. Rewriting the given equation using cos? A + sin? A = 1, we get
3(cos® A + cos® B+ cos’C) = 3
<= cos® A + cos’ B = sin’*(A + B)
<= cos? A+ cos’ B = sin® Acos® B + sin? B cos® A + 2sin A cos Asin B cos B
<= 2cos® Acos? B = 2sin Asin B cos A cos B
<= sin Asin B = cos A cos B,

which shows that cos(A+ B) =0 = A+ B=7/2 = (C =1/2.

3. Clearly, f is a bounded function, since it is continuous and defined on a closed interval. Suppose
that | f(z)] < M for some M > 0.

[f(2)] = |f(z) = FO)] =

/Ozf’(t)dt' S/Ox\f’(t)]dtg/odet:Mx.

Note that the above inequality holds for every x € [0, 1]. Using this new bound Mt on f(t), we



can again apply the same inequality as described above to get

ﬂwséﬁwwSMg.

n

M
Inductively, for every n > 1, f(z) < MI—' < —- Letting n — oo, we get f(x) = 0 for all
n! n!
z €0, 1].

4. Observe that, f(z) = (22)2 = 2% and by Induction, one can easily show that f"(z) =
(F D)) = (22 =2
Now, z has period n, will imply 22" = z, hence 22" "' =1, ie. z = eTT
Let z € S', and z has period k (k < n). Say, n = ¢k +r Then,
22 = (22")? = 2. Now f(W(2) = 2 = 2% = 2, but r < k, hence r = 0

Hence, k|n. Now, if we call the number of complex numbers in S* with period n as a,, we can

dap=2"—1

k|n

conclude that,

If n = p™ for some prime p, 3 ) m ax = 3y m1 @k + QG = 2" — 1 4 aym = 2¥" — 1, which
m—1

implies aym = 2P" — 2P

Now, if n = p™q for some different primes p and q,

m—1 m m—1 m
Y an= Y antap tamg=2"" 1142 2" g, =21
klp™q klpm—1q

m—1

Hence, aymg = 27" — P77 "0 — o™ 4 gp™ 7",
Finally, if n = p™q¢?,

klpmq? k|pm—1q2

m—1_2

=207 1 4 2P 2P

m—1 1

P P g P g = 2P

Which implies, a,mq2 = or™q® _ op™'q® _ 9p™a 4 9p
_ 92025 _ 9675 _ 9405 4 9135

mflq
Plugging in p = 3,m = 4,q = 5, we have aggs

5. Given:
1 1 1 1

b+c_a+b+c

L, L1, 1 —(a+h)
a b a+b+c ¢ “a b (a+bto)e
at+b  —(a+b)
ab  (a+b+c)e
1 1
(a+b)|=+——"F7—| =0

ab  (a+b+c)c



Take LCM of the terms inside:

cla+b+c)+ab
abc(a + b+ c)

(a+b)

2
} _ 0= (a+b) (c +ac—|—ab+bc) _0

abc(a + b+ c)

So,
(a+b)(c* + ac+ ab + be)

abc(a+ b+ c) =0

Now factor the numerator:

(a+b)(c* +ac+ab+bc) = (a+b)(b+c)(c+a)

So we get:
(a+b)(b+c)(c+a)

abc(a + b+ c) =0

This implies:

(a+b)(b+c)c+a)=0=a=-b or b=—-c or c=—a

Let us assume a = —b. Then:
1 1 1 1 1 1
LHS=—+—+—=—+ —— + —
ak + bk + ck T qk + (—a)k + ok
Since k is odd, (—a)* = —aF, so:
1 1 1 1
akaF ko
Now, the RHS:

(a+b+c)k  (a—a+c)k o
Hence, LHS = RHS.

Like this, we can similarly show the identity holds for the other two cases:

b=—c and c=—a

. Without loss of generality, we may assume that S contains only positive integers.

Let
S = {2%3"

CLi,bi EZ, ai,bi ZO, 1 §Z§9}

It suffices to show that there are 1 < iy, 15,13 < 9 such that

a;, + aiy, +aiy = b, +b;, + b, =0 (mod 3).



For n = 223" € S, let’s call (¢ ( mod 3),b ( mod 3)) the type of n. Then there are 9 possible
types:
(0,0),(0,1),(0,2),(1,0),(1,1),(1,2),(2,0),(2,1),(2,2).

Let N(i,7) be the number of integers in S of type (i,7). We obtain 3 distinct integers whose

product is a perfect cube when

1

(1) N(i,j) > 3 for some 4, j,or

(2) N(i,0)N(i,1)N(i,2) # 0 for some ¢ = 0,1, 2,0r
(3) N(

(4) N(

3 0,7)N(1,7)N(2,7) # 0 for some j =0, 1,2,0r
4 i1, j1)N (d2, j2) N (i3, j3) # 0, where {iy, 49,43} = {j1, jo, j3} = {0,1,2}

Assume that none of the conditions (1)~(3) holds. Since N(i,7) < 2 for all (7, 7), there are at
least five N(i,7)’s that are nonzero. Furthermore, among those nonzero N(i, 7)’s, no three have
the same ¢ nor the same j. Using these facts, one may easily conclude that the condition (4)
should hold. (For example, if one places each nonzero N (i, j) in the (i, j)-th box of a regular
3 x 3 array of boxes whose rows and columns are indexed by 0,1 and 2, then one can always find

three boxes, occupied by at least one nonzero N(i, j), whose rows and columns are all distinct.
This implies (4).)

. Consider the angles of AABC as ZA, /B, ZC and the sides opposite to this angles a, b, ¢ respec-
tively.

Let the ball starts from a point P on the side AB with an angle a with AB and hit the side AC
at point () and then hit the side BC' at point R and then once again hit the side AB at point
P’. Then from APAQ, ZAQP = m — a — A. Angle of incidence at Q = 7/2 — (1 — a — A). So
angle of reflection at @ = 7/2 — (7 — a — A),since angle of incidence = angle of reflection. Then
ZCQR = w/2— (angle of reflection at Q)= m—a— A. From ACQR, ZCRQ =1—/ZCQR—-C =
A+ a— C. We can show that for the reflection at R, /BRP' = ZCRQ = A+ a— C. In
ABRP',/BP'R=n—B—/ZBRP' =71 —a—(B+ A—C). Let the reflected ray from point P’
is X. Again from reflection at P', ZAP'X = /BP'R=m—a— (B+ A — (). For a triangular
path we want ZQPA = ZAP'X — a=Z/C.

If we start the ball at an angle ZC with side AB, then AAPQ ~ AABC. Let AP = \b, then
by similarity AQ = Ac. So CQ = b — Ac. Again ACQR ~ AABC, so CR = g(b — A¢). Then
BR =a—CR = )\%C. ABQP ~ AABC, so BP' = \b. Since we want P = P’, this implies



BP' + PA=BA = 2\b=c = A= g.
So if the starting point of the ball is point P (with starting ray PX) on AB such that AP = AB/2
and ZAPX = ZACB then there will be a triangular path for the ball.

. First we show that for any positive integers z1, ..., z,, we have (x1+1)--- (x,+1) > 2(x1+-- -+
x,) using induction on n. Suppose that the first £ many a;’s are ones and every term beyond
that is > 1. Then,

a1ag . .. Ay = Qpy1Qpio- - ap > 2 ((ager — 1) + (aggo — 1) + -+ + (a, — 1)) = 2a1a2 - - - a,, — 2n.

This completes the proof. For equality, say a,_1 = a,a, =b. Thenn —2+a+b = ab =
(a—1)(b—1)=n—1. Puttinga+b=n+2=a—1+b—1=n, we can say a — 1 = 1, and
hence only equality case is {1,...1,2,n}
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